We review the progress in the holographic calculation of shear viscosity for strongly coupled field theories. We focus on the calculation of shear viscosity from the effective coupling of transverse gravitons and present some explicit examples.
Introduction
The AdS/CFT correspondence 1-4 provides a new way to solve strongly coupled field theory problems. Especially, we can calculate the transport coefficients in the hydrodynamic limit of the field theory from the gravity side. Shear viscosity is one of these coefficients that have been vastly studied through the holographic method. [5] [6] [7] [8] In the early days, the shear viscosity was calculated in a lot of theories dual to Einstein gravity with or without chemical potential. [9] [10] [11] [12] It was found that the value of the shear viscosity over the entropy density ratio η/s is always 1/4π. After considering large N effects, this ratio gets positive corrections. Then it was conjectured that there is a universal lower bound on the ratio η/s in nature(KSS bound 8 ) . Known experiments such as the Quark-Gluon Plasma(QGP) in RHIC also satisfy this conjecture. Then more attention has been payed to the study of the universality of η/s through holographic method, and the η/s was found to be still above 1/4π in Ref. [13] [14] [15] [16] [17] [18] [19] [20] . However, it was later found that the KSS bound can be slightly violated in theories with gravity dual of more general theories of gravity.
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In the study of the η/s through holographic method, it was gradually found that the shear viscosity of the boundary field theory only depends on the effective coupling of the transverse gravitons valued on the horizon in the gravity side. [22] [23] [24] [25] [26] This relation applies to systems dual to more general theories beyond Einstein gravity, and may shed some light on the understanding of the AdS/CFT correspondence in another point of view. We will shortly review the progress of studies on this problem in this article, and also introduce some interesting results using the language of the effective coupling. The plan of this paper is as follows. In the next section, we review the progress in the study of shear viscosity using holographic method. In Sec. 3, we introduce recent studies on the calculation of shear viscosity from the effective coupling of transverse gravitons, and give the result in AdS Gauss-Bonnet gravity. In Sec. 4 we present some examples from the effective coupling.
Shear viscosity from AdS/CFT
The AdS/CFT correspondence 1-4 is a duality between the anti-de Sitter (AdS) spacetime and a conformal field theory(CFT) living on the boundary of the AdS spacetime. In details, suppose that we have a field φ moving in the AdS spacetime and a corresponding operator O in the CFT side, and the boundary value φ 0 of φ coupled to the boundary operator O as a source, then the partition function of φ with boundary value φ 0 in the gravity side is equal to the generating functional of O with a source φ 0 in the CFT side
In order to get some information in the CFT, we only need to study the partition function Z(φ 0 ) in the gravity side. In the AdS/CFT correspondence, the gravity system in the AdS side is classical at low energies, so the partition function Z(φ 0 ) can be just determined by the classical solution of the field φ
where S(φ) is the classical action of the classical solution φ with boundary value φ 0 . Then with this correspondence, we can easily get the correlation functions of the operator O in the strongly coupled field theory by the standard functional formulas. In the point of view of the field theory, knowing the correlation functions of operators, one can extract transport coefficients using the Kubo formula. Applying this formula to the case of energy momentum tensor, we can calculate the shear viscosity by 27, 28 
3 where η is the shear viscosity, and the retarded Green's function is defined by
The advanced Green's function can be related to the retarded Green's func-
Using the AdS/CFT duality and the Kubo formula, the shear viscosity η can be calculated from the gravity dual, and interesting results have been obtained using this holographic method. It was found that the ratio of shear viscosity over entropy η/s calculated from gravity dual of Einstein gravity is always 1/4π. After considering some corrections from large N effect, the ratio gets positive corrections. Notice that in all the known experiments, the fluids measured all have a ratio η/s larger than 1/4π, The authors of Ref. 8 conjectured that this ratio may have a universal lower bound in real fluids in nature, called the KSS bound.
Shear viscosity and the effective coupling of transverse gravitons
It has recently been conjectured that the shear viscosity depends on the effective coupling of transverse gravitons valued on the horizon. 23 In Ref. 22-24 the authors conjectured that this ratio is equal to a quotient of effective couplings of two different polarizations of gravitons, κ xy and κ rt valued on the horizon. Then the dependence of shear viscosity on the effective coupling of transverse gravitons is confirmed in Ref. 25 using a membrane paradigm and in Ref. 26 by calculating the on-shell action of the transverse gravitons. In Sec. 3.1 we show the relation of the shear viscosity and the effective coupling of transverse gravitons. In Sec. 3.2 we discuss the case of Gauss-Bonnet gravity.
Transverse Graviton
For simplicity, we consider a five dimensional asymptotic AdS black hole solution with a Ricci flat horizon to some kind of gravity theory with or without matter fields. We write the metric as
where r h is the horizon radius and u = r h /r. Then the horizon is located at u = 1 and the boundary lives at u = 0. g(u) and h(u) are two functions regular at u = 1 and l is the AdS radius which is related to the cosmological constant by Λ = −6/l 2 . The boundary of this AdS spacetime is a R 4 , on which a CFT of some kind lives. To calculate the shear viscosity of this CFT, we need the Green functions of the energy momentum tensor, which we can get by making a small perturbation to the metric tensor in the gravity side. For simplicity, we choose spatial coordinates x, y, z, so that the momentum of the perturbations points along the z-axis. Then the perturbations can be written as h µν = h µν (t, z, u). In this basis there are three groups of gravity perturbations, each of which is decoupled from others: the scalar, vector and tensor perturbations. 29 Here we use the simplest one that can be used to calculate the shear viscosity, the tensor perturbation h xy . We use φ to denote this perturbation φ = h x y and write φ in a basis as φ(t, u, z) = φ(u)e −iωt+ipz . Then by expanding the gravity action to the second order with the background metric (5), one can get the effective action of the transverse graviton
where we assume the graviton to be a minimal coupled massless scalar with an effective coupling K ef f . Then it can be proved that the shear viscosity depends only on the effective coupling valued on the horizon K ef f (u = 1).
25,26
In Ref. 25 , the authors used the membrane paradigm to analysis the universality of shear viscosity over entropy ratio, and proved that the shear viscosity depends on the coupling of the transverse gravitons valued on the horizon. This shows some relations between the fluid on the near horizon slicing and the long wavelength low frequency limit of the boundary CFT. The boundary theory can be seen as flowing from the horizon physics throw some spacetime structures.
In the paper Ref. 26 , we directly calculated the on-shell action of the transverse gravitons, and obtained the shear viscosity expressed by the effective coupling of transverse gravitons. In Einstein gravity, this effective coupling is always −1/2, so the shear viscosity over entropy density is always 1/4π in theories with Einstein gravity dual. But in modified gravity theories, the effective coupling of transverse gravitons could be different. For example, in gravity theory with R 2 corrections, the effective coupling of transverse gravitons gets corrections, thus in the dual field theory, the universal low bound 1/4π can be violated.
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KSS bound violation in Gauss-Bonnet gravity
The R 2 corrections come from string theory or some other UV completion of Einstein gravity. After field redefinitions these theories reduce to GaussBonnet gravity up to the R 2 order. The action of Gauss-Bonnet gravity is
in which
is the Gauss-Bonnet term, λ is the Gauss-Bonnet parameter with a small positive value.
With the Gauss-Bonnet term, the action of the transverse gravitons is still that of minimal coupled massless scalar, but the effective coupling differs from the value in pure Einstein gravity(it is no longer a constant and depends on the radial coordinate u). Thus the ratio of shear viscosity over entropy density η/s in the dual field theory also differs from the universal value with Einstein gravity dual. The ratio in the Gauss-Bonnet case is calculated to be η s
With a positive Gauss-Bonnet correction λ > 0, the universal lower bound of 1/4π will obviously be violated. But with causality consideration from the CFT side, the Gauss-Bonnet parameter λ is constrained as λ < 0.09, 30 and then the ratio η/s will have a new lower bound as
The calculation of η/s from the effective coupling of the transverse gravitons is convenient, and we will give more examples of studying the ratio η/s with this method. More discussions on the shear viscosity from the effective coupling of transverse gravitons could be found in Ref. 34-40.
More examples from effective coupling
Since the violation of the KSS bound was discovered, the universality of the bound of η/s needs more attention, it would be valuable to examine wether the ratio will get more corrections in more general gravity duals. In our previous work, 26, 41 we calculated the shear viscosity in the case of AdS Gauss-Bonnet gravity with F 4 term corrections of Maxwell field, and in AdS Gauss-Bonnet gravity with dilaton coupling. In both the two cases, the ratio of shear viscosity over entropy density gets more corrections from the AdS Gauss-Bonnet case. We also considered the shear viscosity in the extremal case in a recent work. 42 We give our results here.
Gauss-Bonnet Gravity with F 4 term corrections of Maxwell field
In Ref. 43 , when Maxwell field is added to the Gauss-Bonnet gravity, the ratio η/s gets positive corrections to the pure AdS Gauss-Bonnet gravity case. Then in our work, 26 we further studied the effect of non-linear term of Maxwell field on the shear viscosity in the setup of Gauss-Bonnet gravity dual. We found that the F 4 term has some effects on the ratio η/s. We further found that with Maxwell field, with or without F 4 terms, the ratio η/s depends on the temperature T in the way
This is very interesting, for that the effect of the Maxwell field on η/s is simply relating this ratio to the temperature of the black hole.
AdS Gauss-Bonnet gravity with dilaton coupling
The dilaton field coupled to the Gauss-Bonnet gravity has non-trivial contributions, for that the pure Gauss-Bonnet black hole solution without the dilaton is not a solution of the case with dilaton by simply requiring the dilaton being a constant. So it would be interesting to see whether the dilaton field has contributions to the shear viscosity in the dual field theory. In Ref. 41 , we found that in the case of Gauss-Bonnet gravity with dilaton coupling the effective action of the transverse gravitons is still the type of minimally coupled massless scalar, so the shear viscosity depends on the effective coupling of the transverse gravitons. We calculated the ratio of shear viscosity over entropy density, and the result is
After considering the causality restriction, we can see that with dilaton coupling, the new lower bound in AdS Gauss-Bonnet case of the η/s can be further violated in the parameter space of the black hole solution.
Shear viscosity at zero temperature
It is well known that the extremal black hole is very different from the ordinary black holes with a finite temperature. In a recent paper, 44 shear viscosity and other transport coefficients of field theories with nonzero chemical potentials were calculated at zero temperature in the background of extremal AdS RN black holes using similar methods as in Ref. 45 where properties of non-Fermi fluid [46] [47] [48] are discussed from AdS/CFT, there the IR physics plays an important role in deriving the UV physics on the boundary. In the extremal case of Einstein gravity, the shear viscosity over entropy density is still 1/4π.
We calculated the shear viscosity in field theories dual to Gauss-Bonnet gravity at zero temperature with non-zero chemical potential. We confirmed that in the extremal case, the shear viscosity also depends on the effective coupling of transverse gravitons valued on horizon. Our results show that, the shear viscosity over entropy density in field theory dual to Gauss-Bonnet gravity at zero temperature is still 1/4π, the same as that in Einstein gravity.
Conclusion
In this paper we gave a brief review on the progress of calculating the shear viscosity in strongly coupled field theory through holographic method, with special attention to the connection between the shear viscosity and the effective coupling of transverse gravitons in the dual gravity side. This connection is applicable for a wide class of gravity theories. We presented some examples of this connection in Gauss-Bonnet gravity with Maxwell field, and the case with dilaton coupling. We also discussed results with extremal black holes.
